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Generating countable groups by discrete subsets
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Abstract. Every countable topological group G has a closed discrete subset A such that
G = AA−1.
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1. Introduction
This note is to strengthen radically the following statement [1, Theorem 2.2]: every countable
topological group can be generated by some closed discrete subset. All topologies under consideration
are supposed to be Hausdorff.
Theorem. Every countable topological group G has a closed discrete subset A such that
G = AA−1.
Proof.We enumerate G = {gn : n ∈ ω}, g0 = e, e is the identity of G, and split the proof
into two cases: G is precompact (Case 1) and G is not precompact (Case 2). We use two
equivalent definitions of precompact groups: G is a subgroup of some compact group and, for
every neighborhood U of e, there exists a finite subset F of G such that G = FU .
Case 1. Let G be a dense subgroup of a compact group H and let µ be the Haar measure
on H . We choose a sequence (rn)n∈ω of positive real numbers such that Σi∈ωri <
1
6
.
We put x0 = y0 = e, choose closed in H neighborhood U of e, such that µ(U) < r0,
denote U0 = U and assume that, for some n ∈ ω, we have chosen elements x0, . . . , xn and
y0, . . . , yn of G, and closed in H neighborhoods U0, . . . , Un of e, such that , for each k ≤ n and
Ak = {xi, yi : i ≤ n},
(1) gk ∈ AkA
−1
k ;
(2) the subsets {xiUi : i ≤ k} are pairwise disjoint, the subsets {yiUi : i ≤ k} are pairwise
disjoint and xiUi
⋂
yjUj = ∅ for each i, j ∈ {1, ..., n};
(3) µ(Ui) < ri for each i ≤ k.
We suppose also that, for n > 1, there is a numeration z0, . . . , zm(n) of AnA
−1
n \ An and
closed in H neighborhoods V0, . . . , Vm(n) of e such that , for each k ∈ {1, . . . , n}, AkA
−1
k \
{Ak
⋃
Ak−1A
−1
k−1} = {zm(k−1), ..., zm(k)}, and
(4) ziVi
⋂
Ak = ∅, i ∈ {0, ..., m(k)};
(5) µ(vi) < ri, i ∈ {0, ..., m(k)}.
To make the inductive step from n to n+1, we take the first element g ∈ {gi : i ∈ ω}\AnA
−1
n
and denote
B = {xiUi : i ≤ n}
⋃
{yiUi : i ≤ n}
⋃
{ziVi : i ≤ m(n)}, C = H \B.
1
By (3), (5) and the choice of (rn)n∈ω, we have µ(C) >
1
2
. Hence, gC
⋂
C 6= ∅. Since C
is open in H , there are x, y ∈ G
⋂
C such that x = gy. We put xn+1 = x, yn+1 = y,
An+1 = An
⋃
{xn+1, yn+1} and note that g ∈ An+1A
−1
n+1. Since xn+1, yn+1 ∈ G \ B, there
is a closed in H neighborhood Un+1 of e such that xn+1Un+1
⋂
B = ∅, yn+1Un+1
⋂
B = ∅,
xn+1Un+1
⋂
yn+1Un+1 = ∅ and µ(Un+1) < rn+1. Hence, (1), (2) (3) are satisfied for k = n+ 1.
We put zm(n)+1 = y and enumerate zm(n)+1, ..., zm(n+1) the set An+1A
−1
n+1 \ (An+1
⋃
{z0, ...,
zm(n)}). Then we choose closed in H neighborhoods Vm(n)+1, ..., Vm(n+1) of e such that ziVi
⋂
An+1 = ∅, µ(Vi) < ri for each i ∈ {m(n)+1, ..., m(n)}. Thus, (4), (5) are satisfied for k = n+1.
After ω steps we get the desired A = {xn, yn : n ∈ ω} : G = AA
−1 by (1), A is discrete by
(2), A is closed by (4).
Case 2. We take a neighborhood U of e such that G 6= FU for every finite subset F of G, and
pick a neighborhood V of e such that V V −1 ⊂ U . Then we choose inductively a sequence (xn)n∈ω
in G such that {xn, gnxn}V
⋂
{xi, gixi}V = ∅ for each i < n. The set A = {xn, gnxn : n ∈ ω} is
closed, discrete and G = AA−1.
Question. Can every countable topological group G be factorized into two (close) discrete
subsets A and B: G = AB and the subsets {aB : a ∈ A} are pairwise disjoint?
Remark. A subset A of a group G is called thin if gA
⋂
A is finite for each g ∈ G \ {e}.
Can every countable topological group be generated by some thin closed discrete subset [2,
Question 5]? In both cases of the proof, we have infinitely many possibilities to prolong An to
An+1, so the set A in Theorem can be chosen thin.
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